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Abstract. This work is inspiredby the so-calledrerankingtasksin naturallanguagepro-
cessing.In this paper, we �rst studytheranking,reranking,andordinalregressionalgorithms
proposedrecentlyin thecontext of ranksandmargins.Thenweproposeageneralframework
for rankingandreranking,andintroducea seriesof variantsof theperceptronalgorithmfor
rankingandrerankingin the new framework. Comparedto the approachof usingpairwise
objectsas training samples,the new algorithmsreducesthe datacomplexity and training
time.We applythenew perceptronalgorithmsto theparsererankingandmachinetranslation
rerankingtasks,andstudytheperformanceof rerankingby employing variousde�nitions of
themargins.
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1. Intr oduction

Rankingis one of the most important tasksof relation learning.In recent
years,rankinghasbecomeanimportantresearchtopic in the�eld of machine
learning.In the �eld of NaturalLanguageProcessing(NLP), the so-called
rerankingtechniques(Collins, 2004)have beensuccessfullyusedin thepa-
rameterestimationin many applications,which werepreviously modeledas
generativemodels.

In NLP research,it hasbeennoticedthat the useof global featuresis
critical to theperformanceof many NLP systems.However, theintroduction
of global featuresresultsin dif�culty for the dynamicprogrammingof the
generative models.Thebasicideaof thererankingis asfollows. A baseline
generative modelgeneratesN-bestcandidates,andthenthesecandidatesare
rerankedby usingarich setof localandglobalfeatures.Usually, only thetop
candidateof thererankedresultsis used,sorerankingis alsocalledselection
or votingin somecases.

Muchresearchhasbeendoneonrankingandrerankingrecently, andvari-
ousmachinelearningalgorithmshavebeenadaptedto therankingandrerank-
ing tasksWe will review theseworks in the next section,emphasizingthe
similarity anddifferencein therankingandrerankingproblems.In thispaper,
we will explore the adaptationof the ranking algorithmsto the reranking
problem.

Obviously, ranking is a problemthat lies betweenclassi�cation andre-
gression.In someprevious works, ranking was reducedto a classi�cation
problemby usingpairwiseitemsastrainingsamples(Herbrichet al., 2000),
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by item we meana candidatein the N-bestlist. This will increasethe data
complexity from O(n) to O(n2) in thecaseof full setof pairs,wheren is the
size of the candidatelist. To avoid this, a subsetof the pairs are utilized.
However, this resultsin the loss of someinformation in the training data
for reranking.In someotherapproaches(CrammerandSinger, 2001),extra
biasesare introducedto avoid using pairwiseitems as samples;eachbias
representsthe boundaryof two neighboringrankson the scoremetric. But
theuseof extra biasespreventsit from beingusedin rerankingtasks,aswe
will explain later.

In this paper, we will introducea seriesof variantsof the traditionalper-
ceptronalgorithm(Rosenblatt,1958;Novikoff, 1962)for rankingandrerank-
ing, which fully utilize thekey propertiesof therankingproblemitself. The
basicideaof thesealgorithmsis thatwe searchdynamicallyfor pairsof in-
consistentobjectsandusethemto updatetheweightvector. Sincetheranks
areordered,thedynamicalsearchcanbe implementedef�ciently . Theseal-
gorithmswill be justi�ed by modifying theproof for theperceptrontraining
in (Novikoff, 1962;KrauthandMezard,1987).

Basedon the new perceptronalgorithms,we studythe margin selection
problemfor the parsererankingandmachinetranslationreranking.Experi-
mentalresultsshow thesuperiorityof theunevenmargins.

The paperis organizedasfollows. In Section2, we summarizethe pre-
vious works on rankingandreranking.Thenwe investigate theseworks in
the context of ranksandmargins in Section3, andproposegeneralmodels
for ranking and rerankingin Section4. In Section5 we proposetwo new
perceptronbasedalgorithmsin thenew framework. Wewill justify thesetwo
algorithmsin Section6.Thenew algorithmsareappliedto theparsereranking
andthemachinetranslationrerankingproblemsin Section7.

2. PreviousWorks

2.1. RANKING AND ORDINAL REGRESSION

Crammerand Singer (2001) proposedthe PRankalgorithm, a perceptron
basedrankingalgorithm.In their framework eachinstanceis associatedwith
a rank,which is anintegerfrom 1 to k. Thegoalof their rankingalgorithmis
to predictthecorrectrankof eachinstance.ThePRankalgorithmis avariant
of theperceptronalgorithm.Thedifferenceis thatthePRankalgorithmmain-
tainsa setof biaseswhich areusedasboundariesbetweentwo neighboring
ranks.

Harrington(2003)extendedthe PRankalgorithmby approximatingthe
Bayespoint, thusgiving a goodperformancefor generalization.The Bayes
point is approximatedby averagingtheweightvectorsandboundariesasso-
ciatedwith several PRankalgorithms.It is worth mentioningthat the large
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margin effect achievedby approximatingtheBayespoint canalsobeimple-
mentedby usingmargin updates(KrauthandMezard,1987)in PRank.But
thereis addedcomplicationof thesetof boundarieswhichareessentialto the
PRankalgorithm.

PRankand its extensionswork very well for the ranking problemsin
whicheachsampleis associatedwith arank.However, dueto theintroduction
of a setof biasesthey areconstrainedfrom their usein other ranking-like
problems.For example,the PRankalgorithmcannotbe trainedon the data
associatedwith a partialorderinsteadof orderon ranks.Furthermore,aswe
will show later, thePRankalgorithmcannothandlethererankingproblems.

Herbrichet al. (2000)proposeda margin basedapproachfor ranking,or
ordinal regressionasthey called it in their paper. In their framework, each
trainingsampleis associatedwith arankwhich is aninteger. Thetargetfunc-
tion is requiredto maximizethemarginsbetweenthesamplesof neighboring
ranks.The SupportVectorMachines(Vapnik, 1998) (SVMs) wereusedto
computethe linear function maximizingthe margins. In contrastto PRank,
rank boundarieswerenot usedexplicitly in the training. Their approachis
implementedby usingpairwisesamplesfor training.For example,thereare
two samples,u andv, whereu ranksi andv ranksi + 1, thenu � v is usedas
apositivesampleandv � u is usedanegativesample.ThePreferenceKernel
wasusedto incorporatekernelsde�ned on thespaceof singleitems.

Theunderlyingassumptionof ordinalregressionis thatsamplesbetween
consecutive ranksareseparable.Thismaybecomeaproblemin thecasethat
ranksareunreliablewhenranking is too �ne. This is just what happensin
machinetranslationreranking.On theotherhand,if rankingis rathersparse,
thesizeof generatedtrainingsampleswill bevery large.Supposetherearen
samplesevenly distributedon k ranks.Thetotal numberof pairwisesamples
in (Herbrichetal., 2000)is roughlyn2=k.

2.2. RERANKING IN NLP

Now wepresentabrief survey of thererankingtask.In recentyears,reranking
hasbeensuccessfullyappliedto someNLP problems,especiallyto theprob-
lem of parsereranking.Ratnaparkhi(1997)noticedthat by rankingthe 20-
bestparsingresultsgeneratedby his maximalentropy parser, theF-measure
could be improved to 93% from 87%, if the oracleparsewassuccessfully
detected.Charniak(2000)reranked theN-bestparsesby reestimatinga lan-
guagemodelona largenumberof features.

Collins (2000)�rst usedmachinelearningalgorithmsin parsereranking.
Two approacheswereproposedin that paper;oneusedBoostLossandthe
otherusedLog-LikelihoodLoss.Theapproachof BoostLossachievedbetter
results.TheBoostLossmodelis asfollows. Let xi; j bethefeaturevectorof
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the j th parseof theith sentence.Let x̃i bethebestparsefor theith sentence1.
Let Fa beascorefunction

Fa(xi; j ) � a0� xi; j ;

wherea is aweightvector. Themargin Ma;i; j onexamplexi; j is de�ned as

Ma;i; j � Fa(x̃i) � Fa(xi; j )

Finally theBoostLossfunctionis de�ned as

BoostLoss(a) � å
i
å

j
e� (Fa (x̃i )� Fa (xi; j )) = å

i
å

j
e� Ma;i; j

TheBoostingalgorithmwasusedto searchtheweightvectora to minimize
theBoostLoss.

We may rewrite the de�nition of the margin Ma;i; j by using pairwise
samplesasfollows.

si; j � x̃i � xi; j

then
Ma;i; j = Fa (x̃i) � Fa(xi; j ) = Fa (x̃i � xi; j ) = Fa (si; j )

SotheBoostLossapproachin (Collins,2000)is thesameasmaximizingthe
margin (Schapireet al., 1997)between0 andFa(si; j ), wheresi; j arepairwise
samplesaswehavedescribedabove.

In (Collins and Duffy, 2002), the voted perceptronand the Tree kernel
wereappliedto parsereranking.Similar to (Collins,2000),pairwisesamples
wereusedastrainingsamples,althoughimplicitly. Theperceptronupdating
stepwasde�ned as

wt+ 1 = wt + x̃i � xi; j ;

wherewt wastheweightvectorat thet th updating.This is equivalentto using
pairwisesamplesi; j whichwehavede�ned above.

wt+ 1 = wt + si; j

ShenandJoshi(2003)appliedSupportVectorMachines(SVMs)andTree
kernelsto parsereranking.In thatpaper, pairwisesampleswereusedexplic-
itly throughthePreferencekernel.u+

i; j andu�
i; j , de�ned below, wereusedas

positivesamplesandnegativesamplesrespectively.

u+
i; j � (x̃i ;xi; j ); u�

i; j � (xi; j ; x̃i)

The SVM wasusedto maximizethe margin betweenpositive samplesand
negative samples,which in turn wasproportionalto themargin betweenthe
bestparseof eachsentenceandtherestof theN-bestparses.

1 By bestwemeantheparsethatis themostcloseto thegoldstandard.
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In summary, in the previous works on rankingor ordinal regression,the
margin is de�ned asthedistancebetweentwo consecutive ranks.Two large
margin approacheshave beenused.One is to extend the perceptronalgo-
rithm by usingmultiplebiasesto representtheboundariesbetweenevery two
consecutive ranks.Theotherapproachis to reducetherankingproblemto a
classi�cationproblemby usingpairwisesamples.

In theworkson reranking,themargin is de�ned asthedistancebetween
thebestcandidateandtherest.Thererankingproblemis reducedto a classi-
�cation problemby usingpairwisesamplesimplicitly or explicitly.

3. Ranksand Mar gins

Ourinitial goalis to adaptrankingalgorithmsto reranking.However, wenote
that therearea few fundamentaldifferencesbetweenrankingandreranking,
which make it hardto userankingdirectly on reranking.On theotherhand,
bothrankingandrerankingemploy pairwisesamplesto transformtheoriginal
probleminto aclassi�cationproblem.Wewill examinetheseissuesin thethis
section.

3.1. LOCALITY OF RANKS

First, in thepreviousworkson ranking,ranksarede�ned on thewholetrain-
ing andtestdata.Thuswe cande�ne boundariesbetweenconsecutive ranks
on thewholedata.In thererankingproblem,ranksarede�ned over a cluster
of thesamplesin thedataset.For example,in theparsererankingproblem,
therankof aparseis only therankamongall theparsesfor thesamesentence.
Thetrainingdatainclude36,000sentence,with anaverageof over 27 parses
persentence(Collins,2000).

As aresult,wecannotusethePRankalgorithmin thererankingtask,since
thereareno global ranksor boundariesfor all the samples.If we introduce
auxiliary variablesfor the boundariesfor eachcluster, the numberof the
parameterswill beaslargeasthenumberof samples.Obviously this is not a
goodidea.However, theapproachof usingpairwisesamplesstill works.By
pairing up two samples,we actuallycomputethe relative distancebetween
thesetwo sampleswith respectto the scoringmetric. In the training phase,
weareonly interestedin whethertherelativedistanceis positiveor negative,
andwedonotneedto compareit with any speci�c numbers.

To sumup, the locality of ranksin thererankingproblemleadsus to the
approachof usingpairwisesamples.
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3.2. DENSITY OF RANKS

In thepreviousworkson ranking,thenumberof samplesis muchlargerthan
thenumberof ranks.For example,theInformationRetrieval (IR) datausedin
(Herbrichet al., 2000)hasonly 3 ranks(“documentis relevant”, “document
is partially relevant”, and“irrelevantdocument”),thesyntheticdatasetsused
in (Herbrichet al., 2000;CrammerandSinger, 2001)have 5 ranks,andthe
EachMovie datasetusedin (CrammerandSinger, 2001;Harrington,2003)
has6 ranks.In theseapplications,differencebetweensamplesof different
ranks is signi�cant, so it is natural to de�ne margin as distancebetween
consecutive ranks.

However, this approachis problematicif ranksbecomedenserand the
samplesof consecutive ranksbecomelinearly inseparable.For example,in
the IR datausedin (Herbrich et al., 2000), we are not only interestedin
whethera documentis relevantor not, but alsotheextent to which thedoc-
umentis relevant. In this case,pairwisesamplesde�ned only on the con-
secutive ranksarenot enoughfor training,sincerankswithin a small range
is unstable;it is hardto sayif a documentranked i is morerelevant thana
documentrankedi + 1.

However, ranksin a largerangeis reliable;a documentranked5 is more
relevant thana documentranked15. So we maywant to usemorepairwise
samples.For example,we may use(doc5, doc15) asa positive sample,and
use(doc15, doc5) asa negative sample.The extremecaseis pairing up all
the samples.This will increasethe sizeof samplespaceby N times,where
N is sizeof a cluster. To sumup, in thecaseof denseranks,thefull pairwise
samplesor asubsetof thefull pairwisesamplesarerequiredin training.

Obviously, the ranksin rerankingaredense. Eachtraining clusterhasa
rankedlist of N-bestcandidate.ForparsererankingN = 27onaverage(Collins,
2000),andfor machinetranslationrerankingN = 1000or more(Ochet al.,
2004).Therefore,pairwisesamplesde�nedonly onconsecutiveranksarenot
enoughin thetrainingof reranking.

3.3. FULL PAIRWISE FOR RERANKING

As we have shown above, in thepreviousworkson reranking,we searchfor
thehyperplanethatseparatesthebestcandidatefromtherestof thecandidates
within eachcluster. Givenacluster, let r i betheith bestitemwithin thecluster.
If we only look for thehyperplaneto separatethebestonefrom therest,we,
in fact, discardthe order information of r 2:::rN. For example,we did not
employ the informationthat r 2 is betterthanr50 in thetraining,asshown in
Figure1.a.

We mayregard theweightvectorw asa scoremetric,which assignsthe
highestscoreto the bestitem within eachcluster, i.e. r 1. So the questionis
whetherit shouldassignthesecondhighestscoreto r 2, thethird highestscore
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Figure1. Comparisonof scoremetrics

to r3, andsoon soforth, sincew is a scoremetric.Therefore,in Figure1.a,
wr is morepreferablethanwb sincewr is ableto keeptheorderof itemswith
respectto theirgoodness.

In orderto searchfor wr insteadof wb, we needto employ moreorder-
ing relationsin the training. One solution is to usea set of items as good
candidates,rgood, and usethe rest as bad candidates,r bad. For candidates
rgood; rbad within thesamecluster, r good� rbad is de�nedasapositivesample,
andrbad � rgood is de�ned a negative sample.In Section4, we will usethe
splitting modelto capturethis idea.

However, thereis still a problemwith this solution, i.e. it doesnot dis-
tinguish the differencesbetweenthe goodsamples.In the caseof machine
translationfor whichN canbeaslargeas1000or evenmore,r 1 andr300 will
bebothregardedasgoodcandidatesfor example,sothesplitting modeldoes
not try to assignahigherscoreto r 1 thanto r300.

As farasthisaspectis concerned,weapplytheordinalregressionmodelto
rerankingwith full pairwisesamples.Thatis to say, for every two candidates
r i andr j , i < j, within thesamecluster, r i � r j is usedasa positive sample,
andr j � r i is usedasanegativesample.However, in thenext sectionwewill
show thatordinalregressionis notadesirablemodelfor rerankingeither.

3.4. UNEVEN MARGINS

Rerankingis not anordinal regressionproblem.In rerankingevaluation,we
areonly interestedin the quality of the item with the highestscorein each
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cluster, andwe do not caretheorderof theotheritems.Thereforewe cannot
simply regard a rerankingproblemasan ordinal regressionproblem,since
they havedifferentlossfunctions.

Especially, wewantto maintaina largermargin in itemsof highranksand
asmallermargin in itemsof low ranks.For example,in Figure1.b,wb meets
theconditionof ordinalregressionby keepingtheorderof all candidateswith
a cluster. However, thereis a smallmargin betweenr 1 andr2, which means
that if we aregiven two candidatessimilar to r 1 andr2 in the test set,wb
is very likely to switch their order. However, wr maintainsa large margin
betweenr1 andr2. Hence,wr is moredesirableevenit fails to keeptheorder
of somebadcandidates,i.e. r 30 andr50, but they arefar away from the top
candidates.Accordingto thelossfunction,wearepenalizedif weswitchthe
orderof r1 andr2, but not for r30 andr50.

In orderto handlethis,wewill introducetheideaof unevenmarginsin the
training.Thetechniqueof unevenmarginshasbeenpreviously employed in
binaryclassi�cationon unbalanceddata(Li et al., 2002),for which thereare
many morenegativesamplesthanpositivesamples.Similarly, with respectto
the lossfunction, the penaltyon errorsover positive samplesis muchmore
thantheerrorsonnegativesamples.In thatpaper, theideaof unevenmargins
is to maintaina largemargin for thepositivesamples,andarelatively narrow
margin for thenegativesamples.

Therefore,OrdinalRegressionwith UnevenMargins(ORUM) is morede-
sirablefor reranking.Speci�cally, we searchfor a linear functionseparating
itemsin eachclusterwith unevenmargins,for example

margin(r1; r30) > margin(r1; r10) > margin(r21; r30) (1)

It is notdif�cult to exhibit a functionthatsatis�es(1), for example

g(r i ; r j ) =
1
i

�
1
j

(2)

It would be interestingto investigatewhich margin function is theoretically
desirable.However, in this paper, we will simply usethis margin functionin
ourexperiments.

4. Models for Ranking and Reranking

4.1. PROBLEM DEFINITION

We�rst formalizethererankingproblem.

Item x 2 Rd is a d-dimensionalvectoron the real number. It representsa
singleparse,or asingletranslationin applications.
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Cluster c = (x1; :::;xk) 2 (Rd)k is a vectorof k items.It representsa ranked
list of parsesor translationsfor thesamesourcesentencein applications.

Rank r c = (y1; :::;yk) 2 N k, whereyi is therankof itemxi in c, 1 � yi � k.

Learning Let X bethespaceof clusters,X = (Rd)k, andlet Y bethespace
of ranks,Y = N k. The hypothesisclassH is X ! Y . A learningal-
gorithm L ((X � Y )m) takesm i.i.d. drawn training clustersassociated
with ranksfrom X � Y accordingto distribution DX� Y , andoutputsa
hypothesish 2 H .

Mar gin is a functiononX � Y � H ! R .

4.2. SPLITTING

In this framework, wewill �rst proposeasplittingmodel,which is similar to
previousworkson reranking,but in amoregeneralform.

Let thetrainingsamplesbe

S= f (xi; j ;yi; j ) j 1 � i � m; 1 � j � kg;

wheremis thenumberof clustersandk is thelengthof ranksfor eachcluster.
Let f (x) = w� x bea linearfunction,wherex is anitem,andw is aweight

vector. Weconstructahypothesisfunctionh f : X ! Y with f asfollows.

hf (x1; :::xk) = rank( f (x1); :::; f (xk)) ;

whererank is a functionthatreturnsthevectorof ranksfor theinput vector.
For examplerank(4:2;9:0;6:5;8:8) = (4;1;3;2).

An r-splitting algorithmsearchesfor a linear function f (x) = w � x that
successfullysplits the top r-ranked itemsfrom therestof the itemsin every
cluster. Let y f = (yf

1; :::;yf
k) = hf (x1; :::xk) for any linearfunction f . Welook

for a function f suchthat

yf
i � r if yi � r (3)

yf
i > r if yi > r (4)

Supposethereexists a linear function f satisfying(3) and (4), we say
f (xi; j ;yi; j )g is r-splittable by f . Furthermore,we can de�ne the splitting
margin gfor clusterci asfollows.

g( f ; r; i) = min
j :yi; j � r

f (xi; j ) � max
j :yi; j > r

f (xi; j )

Theminimalsplittingmargin, gsplit , for f andr is de�ned asfollows.

gsplit( f ; r) = min
i

g( f ; r; i) = min
i

( min
yi; j � r

f (xi; j ) � max
yi; j > r

f (xi; j ))
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Obviously, if r = 1, the r-splitting searchesfor a linear function f that
cansuccessfullyseparatethebestitem from the restin every cluster, which
is similar to somepreviousrerankingalgorithms(Collins,2000;Collins and
Duffy, 2002;ShenandJoshi,2003).

4.3. ORDINAL REGRESSION ON CLUSTERS

In thissectionwewill modelamorecomplicatedproblem,ordinalregression
on clusters.Let xi; j ;xi;l betwo itemswhereyi; j < yi;l . It meansthat therank
of xi; j of higherthanthe rank of xi;l . We areinterestedin �nding a weight
vectorw, suchthat

w � xi; j > w � xi;l + t , if yi; j < yi;l

Let thetrainingsamplesbe

S= f (xi; j ;yi; j ) j 1 � i � m; 1 � j � kg;

wheremis thenumberof clustersandk is thelengthof ranksfor eachcluster.
Let f (x) = w�x. Wesaythe f is anordinalregressionfunctionfor thetraining
setSif

w � xi; j > w � xi;l , if yi; j < yi;l ;

for 1 � i � m; 1 � j; l � k
Supposef is an ordinal regressionfunction for the training set S, the

regressionmargin for clusterci is de�ned asfollows

g( f ; i) = min
yi; j < yi;l

f (xi; j ) � f (xi;l )

Theminimalregressionmargin, gorder, for f is de�ned asfollows.

gorder( f ) = min
i

g( f ; i)

4.4. PAIRWISE CLASSIFICATION

Thetwo modelsdescribedin theprevioustwo sectionscanbegeneralizedas
a classi�cationproblemby usingpairwisesamples.Let thetrainingsamples
be

S= f (xi; j ;yi; j ) j 1 � i � m; 1 � j � kg;

wheremis thenumberof clustersandk is thelengthof ranksfor eachcluster.
Let f (x) = w � x. We saythe trainingdatais separablewith respectto T

by f if

w � xi; j > w � xi;l , if (yi; j ;yi;l ) 2 T;
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for 1 � i � m; 1 � j; l � k, andT � K � K is a partial orderon K , where
K = f 1;2; :::;kg.

It is not dif�cult to seethat both splitting andordinal regressioncanbe
reduceto themodelgivenabove.For splitting,

(yi; j ;yi;l ) 2 T ( ) yi; j � r < yi;l ;

andfor ordinalregression

(yi; j ;yi;l ) 2 T ( ) yi; j < yi;l :

Furthermore,this model canbe transformedinto a binary classi�cation
problemasfollows.8(yi; j ;yi;l ) 2 T;xi; j � xi;l is de�ned asa positive sample,
andxi;l � xi; j is de�ned asa negative sample.Therefore,themodelabove is
equivalent to �nding a linear function separatingthe positive and negative
samples.Furthermore,theclassi�cationmargin is equivalentto splitting and
regressionmargin respectively.

4.5. PAIRWISE CLASSIFICATION WITH UNEVEN MARGINS

Let thetrainingsamplesbe

S= f (xi; j ;yi; j ) j 1 � i � m; 1 � j � kg;

wheremis thenumberof clustersandk is thelengthof ranksfor eachcluster.
Let f (x) = w � x, wherejjwjj = 1. We saythe training datais separable

with respectto T by f with margin t weightedwith margin functiong if

w � (xi; j � xi;l ) > g(yi; j ;yi;l )t , if (yi; j ;yi;l ) 2 T; (5)

for 1 � i � m; 1 � j; l � k, T � K � K is apartialorderonK , andg2 K 2 !
R is amargin function,whereK = f 1;2; :::;kg.

4.6. SINGLE CLUSTER

Thesemodelsfor multi-clustersamplescan be easily reducedto 1-cluster
case,whichcanbeusedto modeltherankingproblem.

Item x 2 Rd is ad-dimensionalvectoron therealnumber.

Rank y 2 N , where1 � y � k for some�x ednumberk.

Learning Let X be the spaceof items,X = Rd, andlet Y be the spaceof
ranks,Y = N . ThehypothesisclassH is X ! Y . A learningalgorithm
L ((X � Y )m) takesmi.i.d. drawn trainingclustersassociatedwith ranks
from X � Y accordingto distribution DX� Y , andoutputsa hypothesis
h 2 H .
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Algorithm 1 PairwiseClassi�cationwith UnevenMargins
Require: f (xi; j ;yi; j )g is separablewith respectto T.
Require: amargin functiong
Require: apositive learningmargin t .

1: t  0, initialize w0;
2: repeat
3: for (i = 1; :::;m) do
4: for (1 � j; l � k ) do
5: if ((yi; j ;yi;l ) 2 T andwt � (xi; j � xi;l ) � g(yi; j ;yi;l )t ) then
6: wt+ 1  wt + g(yi; j ;yi;l )(xi; j � xi;l )
7: t  t + 1
8: end if
9: end for

10: end for
11: until noupdatesmadein theouterfor loop

Mar gin is a functionde�ned onX � Y � H ! R .

In the caseof a singlecluster, items,insteadof clusters,aredrawn i.i.d.
with respectto somedistribution.

5. Perceptron Algorithms

Therearequite a few linear classi�ers that canseparatesampleswith large
margin,suchasSupportVectorMachines(Vapnik,1998),Boosting(Schapire
et al., 1997),Winnow (Zhang,2000) and Perceptron(Krauth and Mezard,
1987).In this paper, we will investigatetheperceptronalgorithmfor thefol-
lowing reasons.First, theperceptronis fastin training,whichallowsusto do
experimentswith variousmargin selectionson real-world data.Further, the
perceptronalgorithmis simple,whichmakesmodi�cation easyto implement.

In this paper, we will investigateuneven margins for rerankingwith the
new perceptronalgorithms.The resultswith perceptronexperimentscanbe
extendedto othermachinelearningalgorithmstoo.

5.1. PERCEPTRON OVER FULL PAIRWISE SAMPLES

Algorithm 1 is usedto solvethePairwiseClassi�cationwith UnevenMar-
gins (PCUM) modelproposedin Section4.5.The ideaof Algorithm 1 is as
follows.For every two itemsxi; j andxi;l , if

� (yi; j ;yi;l ) 2 T, and
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RankingandRerankingwith Perceptron 13

� the weight vector w can not successfullyseparatexi; j and xi;l with a
learningmargin g(yi; j ;yi;l )t ,

thenweneedto updatew with theadditionof g(yi; j ;yi;l )(xi; j � xi;l ).
In Section6 wewill give thetheoreticjusti�cation of algorithm1.
If T is the full order, thesizeof T is k(k � 1)=2, wherek is thesizeof a

cluster. If we representall thepairwisesampleexplicitly, thedatacomplex-
ity will be dmk(k � 1)=2, whered is the dimensionalityof a sample.In the
researchof machinetranslationreranking(Ochetal.,2004),wehaveroughly
1000sourcesentences,eachof which has1000besttranslations,andeach
candidateis representedwith avectorof 20 real-valuedfeatures.In thiscase,
thesizeof pairwisesamplesis roughly40Gbytes.Thus,wecanonlycompute
pairwisesamplesdynamicallyin ouralgorithm.

In Algorithm 1, for eachiterationof a cluster, we needexecutethe dot
productoperationfor jTj times,which is usuallyO(k2). Thusthecomplexity
of outer iterationis O(k2d). In the next section,we will give an alternative
algorithm,with which we reducethecomplexity of outeriterationto O(k2 +
kd).

5.2. FAST PERCEPTRON TRAINING

Algorithm 2 is similar to Algorithm 1 exceptthat theupdatingoperation
is executedontheclusterlevel insteadof samplelevel. For eachiterationof a
cluster, we �rst computew � xi; j for eachitem xi; j . Thenwe usethesevalues
to checkwhetheranupdateonw is requiredfor eachpair in T. However, the
updateis notexecutedimmediately. Instead,for eachitem,thereis avaluable
ui; j that recordsall the updates.After all the pairsarechecked,updatingis
executedonceandfor all.

It is easyto show that the complexity of eachiteration of a cluster is
O(k2 + kd). In Section6 we will show thatAlgorithm 2 is theoreticallycor-
rect,andin the experimentalsectionwe will show the superiorityof Algo-
rithm 2 overAlgorithm 1.

5.3. THE LANDSCAPE OF PERCEPTRON BASED ALGORITHMS

So far we have presentedtwo new perceptronbasedalgorithmswhich are
inspiredby the rankingandrerankingproblems.Comparedto the previous
works, our perceptron-like algorithm is more generalas shown in Table I.
Nov62 = (Novikoff, 1962),KM87 = (Krauth and Mezard,1987),CS01=
(CrammerandSinger, 2001),WH60 = (Widrow andHoff, 1960),andCD02
= (CollinsandDuffy, 2002).

First, we have threedifferent tasks– classi�cation, ranking,andregres-
sion, in the order of increasingdif�culty . Classi�cation is the easiestand
regressionis themostdif�cult. Now wehavetwo differentkindsof data.The
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14 Libin ShenandAravind K. Joshi

Algorithm 2 FastPairwiseClassi�cationwith UnevenMargins
Require: f (xi; j ;yi; j )g is separablewith respectto T.
Require: amargin functiong
Require: apositive learningmargin t .

1: t  0, initialize w0;
2: repeat
3: for (i = 1; :::;m) do
4: for ( j = 1; :::;k) do
5: computewt � xi; j for all j 's;
6: u j  0;
7: end for
8: for (1 � j; l � k ) do
9: if ((yi; j ;yi;l ) 2 T andwt � (xi; j � xi;l ) � g(yi; j ;yi;l )t ) then

10: u j  u j + g(yi; j ;yi;l ); ul  ul � g(yi; j ;yi;l );
11: end if
12: end for
13: if (å j ju j j > 0) then
14: wt+ 1  wt + å j u jxi; j ;
15: t  t + 1;
16: end if
17: end for
18: until noupdatesmadein theouterfor loop

TableI. TheLandscapeof PerceptronbasedAlgorithms.

model explicit+single sub-model implicit+single implicit+multi

classi�cation Nov62,KM87
1 : n - CD02

m: n Alg 1

ranking CS01 - Alg 1

regression WH60 - - -

simplercaseis thatthewholedatacontainsonly onecluster. Theperceptron
stylealgorithmsfor thesethreetasksarelisted in column2 of TableI. They
all usebiasesin trainingexplicitly.

In somecases,thetrainingdatacontainsmorethanonecluster, suchasthe
rerankingtasksin NLP. For theseproblems,we cannotusebiasesexplicitly
in training,andthesolutionis to usepairwisesamplessothatbiasis treated
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RankingandRerankingwith Perceptron 15

implicitly. This methodcanalsobeusedin a one-clusterproblem(Herbrich
etal., 2000).

Thereare two sub-modelsfor the classi�cation problemusingpairwise
samples.Oneis to divide, in every cluster, top candidatefrom the rest,the
1 : n model.Almost all thepreviousworkson NLP rerankingtasksfall into
thiscategory. A moregeneralmodel,m: n splitting,is handledby thesplitting
modelasdescribedin Section4.2.

It is worthmentioningthat,in recentyears,theperceptron-likealgorithms
have also beenadaptedto multi-label settingand topic ranking problems,
suchas(CrammerandSinger, 2003),which arerelatedto our work, but are
notshown in TableI.

6. Theoretical Justi�cation

In the previous subsections,we have proposedtwo perceptronbasedlarge
margin algorithmsfor splittingandordinalregressionmodels.Now weshow
that thesetwo algorithmsstopin �nite stepsif thetrainingdatais separable,
andpresenta lower boundof theresultingmargin which is usedto constrain
theexpectederrorrate.

Themethodof reducinga complicatedtaskinto simplebinaryclassi�ca-
tion taskshasbeenusedin problemslikemulti-classclassi�cation(Crammer
andSinger, 2002)andconstraintclassi�cation(Har-Peledet al., 2002).One
potentialproblemis that,in thebinaryclassi�cationtasks,theexpandedsam-
ples are not generatedi.i.d., which is important for margin-basedbounds.
Theremedyis to reducethedependentsamples(Herbrichetal.,2000)andto
introducea new distribution with respectto which classi�cationsamplesare
drawn independently(Har-Peledetal., 2002).

6.1. JUSTIFICATION FOR ALGORITHM 1

Theorem1 givesusanupperboundon thenumberof stepsneededfor Algo-
rithm 1 to stop,if the trainingdatais separable.Theproof for Theorem1 is
giventheAppendix.

THEOREM1. Supposethetrainingsamplesf (xi; j ;yi; j )g areseparablewith
respectto T by a linear function de�ned on the weight vector w� with a
margin g weightedon margin function g as in (5), where jjw� jj = 1. Let
R= maxi; j jj xi; j jj andl = mini; j ;l g(yi; j ;yi;l ). Thenwehave

a Algorithm1 stopsin t stepsof updates,where

t �
2t + 4R2

l 2g2 (6)
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16 Libin ShenandAravind K. Joshi

b Theresultingweightvectorseparatesanytwo itemxi; j andxi;l , where
yi; j < yi;l , with margin

gi; j ;l � g(yi; j ;yi;l )g
t

2t + 4R2 (7)

Accordingto (7), if t >> R, Algorithm 1 stopswith resultingmarginsat
leasthalf of theoptimummargins,g(yi; j ;yi;l )g.

Thenwe canapply margin-basedgeneralizationbounds(Vapnik, 1998;
Cristianini and Shawe-Taylor, 2000).A potentialproblemis that pairwise
samplesde�ned on S= f (xi; j ;yi; j )g arenot independent,thusviolating the
i.i.d. assumption.The way to avoid this problemis to employ only k � 1
independentpairwisesamplesfor eachcluster, asin (Herbrichetal., 2000).

Further, wetransformtheunevenmarginstoauniquemarginby rede�ning
thepairwisesamplesas

S0= f
xi; j � xi;l

g(yi; j ;yi;l )
j(yi; j ;yi;l ) 2 Tg (8)

In orderto give theerrorboundon thetestdata,we transformthetestdatain
thesameway.

Giventheresultingmargin,g t
2t + 4R2 accordingto (7) and(8), onS0, wecan

easilyboundtheerroronthetransformedtestdataunderPAC frameby using
margin-basedgeneralizationboundsgiven in (Vapnik,1998;Cristianiniand
Shawe-Taylor, 2000).

Thenwecanobtaintheexpectederrorboundfor thebinaryclassi�cation.
However, it is well known that the boundgiven in this way is a looseone.
It will be interestingto searchfor a tight boundfor the rerankingproblem,
for exampleby employing thegrowth functionof ranking(Har-Peledet al.,
2002)andutilizing its differencewith ordinalregressionasdescribedabove.

6.2. JUSTIFICATION FOR ALGORITHM 2

For Algorithm 2, we will show that if the training datais separable,the al-
gorithm will stop in a �nite numberof stepwith a resultingmargin on the
trainingdata.For thesake of simplicity, we will only take a weakversionof
thealgorithm,by assumingg(yi; j ;yi;l ) � 1 for all i; j ; l . However, thetheorem
andtheproofgivenherecanbeextendedto theoriginalalgorithm.

THEOREM2. Supposethe training samplesf (xi; j ;yi; j )g are separable by
a linear function de�ned on the weight vector w� with a margin g, where
jjw� jj = 1. LetR= maxi; j jj xi; j jj . Thenwehave

a Algorithm 2 makesat most 2t + k2R2

g2 mistakeson the pairwisesamples
during thetraining.
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RankingandRerankingwith Perceptron 17

b Algorithm2 stopsin t stepsof updates,where

t �
2t + k2R2

g2 (9)

c Theresultingmargin on thetrainingdatais at least

g
t

2t + k2R2 (10)

Theproofof Theorem2 is givenin theAppendix.
It is worth mentioningthatAlgorithm 2 needsmoreiterationsfor conver-

gencethanAlgorithm 1 theoretically, while the former runsmuchfasterin
eachiteration.Experimentsgiven in the next sectionshow that the running
time for Algorithm 2 is shorter, andtheresultis morestable.

7. Experimentsand Discussion

In this section,we show the experimentalresultson two NLP tasks,parse
rerankinganddiscriminative rerankingfor machinetranslation,which were
partially reportedin (ShenandJoshi,2004)and(Shenet al., 2004)respec-
tively. A single PentiumIII 1.13GHzcpu with 2GB memory is usedfor
all experiments.The algorithmsarecodedwith Java, runningon the Linux
operatingsystem.

7.1. PARSE RERANKING

For parsereranking,weusethesamedatasetasdescribedin (Collins,2000).
Section2-21of theWSJPennTreebank(PTB)(Marcusetal.,1994)areused
astrainingdata,andSection23 is usedfor testing.Thetrainingdatacontains
around40,000sentences,eachof whichhas27distinctparsesonaverage.Of
the 40,000trainingsentences,the �rst 36,000areusedto train perceptrons.
The remaining4,000sentencesareusedasdevelopmentdatafor parameter
estimation,suchasthenumberof roundsof iterationin training.The36,000
training sentencescontain1,065,620parsesin total. We usethe featureset
generatedby Collins (Collins,2000).Thereare521,498featuresin all.

We useAlgorithm 2 in the �rst set of experiments.By using different
settingsof thepairwisesamplesandthemargins,we designtheexperiments
asfollows.

� 1-splitting, CD02: This settingis usedto simulatethe perceptronal-
gorithmintroducedin (Collins andDuffy, 2002).2 Only oneof thebest

2 In (CollinsandDuffy, 2002),thetreekernelis usedasfeaturesonall treesegments.Here
weusethefeaturesetusedin (Collins,2000;ShenandJoshi,2003).

rnlp.tex; 21/06/2004; 19:09; p.17



18 Libin ShenandAravind K. Joshi

TableII. ExperimentalResults

section23, � 100words(2416sentences)

model recall% precision% f-score%

baseline(Collins,1999) 88.1 88.3 88.2

1-splitting,CD02 89.2 89.8 89.5

r-splitting,evenmargins 89.1 89.8 89.5

r-splitting,unevenmargins 89.3 90.0 89.6

ordinalregression,evenmargins 88.1 87.8 88.0

ordinalregression,unevenmargins 89.5 90.0 89.8

parsesfor eachsentenceis usedas the goodparseand the otherbest
parsesaredropped.Otherparsesareusedasbadparses.

� r-splitting, even margins: all the bestparsesareusedasgoodparses.
Otherparsesareusedasbadparses.

� r-splitting, unevenmargins: all thebestparsesareusedasgoodparses.
Themargin functiong(r i ; r j ) = 1

i � 1
j , which waspreviously de�ned in

(2), is employed.

� ordinal regression,evenmargins: T = f ( j; l ) j j < lg.

� ordinal regression,even margins: T = f ( j; l ) j j < lg. The margin
functionde�ned in (2) is employed.

By estimatingthenumberof roundsof iterationsonthedevelopmentdata,
we get the resultson the testdataasshown in TableII. Ordinal regression
with unevenmarginsachievesthebestresultin f-score3. It veri�es thatusing
morepairsin training is helpful for thererankingproblem.Unevenmargins
arecrucialfor employing full pairwisemodelsto reranking.

Wecomparetheperformanceof Algorithm 1 andAlgorithm 2 onourbest
model,ordinal regressionwith unevenmargins.Figure2 shows thecompar-
ison of the learningcurves of thesetwo algorithms.For Algorithm 1, we
computethescoreof all pairwisesamples,wt � xi; j � wt � xi;l , on the�y .

3 f-score= 2 � precision� recall/ (precision+recall)
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Figure2. Learningcurvesof Algorithm 1 andAlgorithm 2 onPTBSection23

Algorithm 1 convergesfasterthanAlgorithm 2 in termsof rounds,which
is consistentwith the theoreticaljusti�cation. However, Algorithm 2 con-
vergesfasterin termsof runningtime.Theresultsfor f-scorearesimilar, But
theresultof Algorithm 2 is morestable;it doesnot over-�t thetrainingdata
evenafter3000roundsof iteration,while Algorithm 1 over-trainsquickly in
termsof rounds.We think thereasonis thatAlgorithm 1 updatestheweight
vectorwhenever thereis a classi�cationerroronapairwisesample,thusit is
morelikely to dropinto a local optimum.While Algorithm 2 to someextent
alleviatestheill-posedproblem4 of theperceptronalgorithm.

7.2. DISCRIMINATIVE RERANKING FOR MACHINE TRANSLATION

We provide experimentalresultson the NIST 2003 Chinese-Englishlarge
datatrack evaluation.We usethe dataset usedin (Och et al., 2004).The
training dataconsistsof about170M Englishwords,on which the baseline
translationsystemis trained.Thetrainingdatais alsousedto build language
modelswhich areusedto de�ne featurefunctionson varioussyntacticlev-
els.Thedevelopmentdataconsistsof 993Chinesesentences.EachChinese
sentenceis associatedwith 1000-bestEnglishtranslationsgeneratedby the
baselineMT system.The developmentdataset is usedto estimatethe pa-
rametersfor thefeaturefunctionsfor thepurposeof reranking.Thetestdata
consistsof 878Chinesesentences.EachChinesesentenceis associatedwith

4 Theresultof thealgorithmdependson theorderin which thetrainingsamplesareused.
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Figure3. Splittingwith unevenmargins
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Figure4. Ordinalregressionwith unevenmargins

1000-bestEnglishtranslationstoo.Thetestsetis usedto assessthequalityof
thererankingoutput.

In (Ochetal.,2004),aggressivesearchwasusedtocombinefeatures(Och,
2003).After combiningabouta dozenfeatures,the BLEU score(Papineni
et al., 2001)did not improve any further, andthe scorewas32:9%. In our
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experiments,we will usethe top 20 individual featuresdevelopedby Och
etal. (2004).Algorithm 2 is usedwith thethreedifferentsettingsasfollows.

� bestvs rest: T = f (1; j) j j > 1g andevenmargin.

� splitting, unevenmargins: T = f ( j; l ) j j < = 300andl > = 700g. The
margin functionde�ned in (2) is employed.

� ordinal regression,unevenmargins: T = f ( j; l ) j j � 2< l and j + 20<
lg. Themargin functionde�ned in (2) is employed.

Thebestvs.restsettingis usedto simulatethepreviousperceptronrerank-
ing algorithm (Collins and Duffy, 2002). It converged in 7 iterations,and
achievedBLEU scoreof 30:9%. The learningcurve of theSplitting andthe
ORUM is shown in �gure 3 and4. TheSplitting algorithmachievedBLEU
scoreof 32:6%, andthe ORUM algorithmachieved BLEU scoreof 32:9%,
which is signi�cantly betterthanthebestvs. restmodel.

Accordingto thelearningcurves,wenoticethatwhenever thelog-losson
thedevelopmentsetdecreases,theBLEU scoreonthetestsetincreases.This
experimentallyveri�es thetheoreticaljusti�cation of thesetwo algorithms.

8. Conclusions

In thispaper, wehaveproposedageneralframework for rankingandrerank-
ing. In this framework, we have proposedtwo variantsof perceptron,which
aretrainedon pairwisesamples.Usingthesetwo algorithms,we canemploy
morepairwisesamples,which areusefulin traininga ranker or reranker. We
alsokeepthedatacomplexity unchangedandmakethetrainingef�cient with
thesealgorithms.

Using thesetwo algorithms,we investigatedthe margin selectionprob-
lem for thererankingtasks.By usingunevenmarginson ordinal regression,
we achievesan f-scoreof 89.8%on sentenceswith � 100wordsin Section
23 of PennTreebank.In machinetranslationreranking,our perceptron-like
algorithmmatchesthe state-of-the-artdiscriminative MT rerankingsystem
reportedin (Och,2003).The ideaon uneven margins on full pairwisesam-
plescanbeemployedin rerankingsystemsbasedon othermachinelearning
algorithms,suchasWinnow, BoostingandSVMs, via the de�nition of the
marginsor lossfunctions.
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Appendix

PROOF OF THEOREM 1

Proof: We show it by boundingjjwt jj2 from above and below. Suppose
f (xi; j ;yi; j )g is separablewith respectto T with margin gweightedonamargin
functiong asin (5), andg(a;b) = � g(b;a) if b < a. Thetrainingdatacanbe
notedasS= f (ur ;vr )g with margin weightf l rg where

ur = xi; j � xi;l ;

vr =
�

1 if (yi; j ;yi;l ) 2 T;
� 1 if (yi;l ;yi; j ) 2 T;

l r = vrg(yi; j ;yi;l );

for i; j ; l s.t.(yi; j ;yi;l ) 2 T or (yi;l ;yi; j ) 2 T. Therefore,wehave

vr (w� � ur ) > l rg; (11)

where1 � r � jSj; jjw� jj t = 1. Thus
Accordingto algorithm1,

wt = wt� 1 + vt l tut , if vtwt� 1 � ut � l t t

Thus

jjwt jj2 = (wt� 1 + vt l tut)2

= jjwt� 1jj2 + 2l tvtwt� 1 � ut + l t l t jjut jj2

� jjwt� 1jj2 + 2l t l t t + l t l t(2R)2

�
t

å
p= 1

l pl p(2t + 4R2) (12)

On theotherhand,

w� � wt = w� � (wt� 1 + vt l tut) = w� � wt� 1 + vt l tw� � ut

> w� � wt� 1 + l t l tg >
t

å
p= 1

l pl pg (13)

Combining(12)and(13),wehave

(
t

å
p= 1

l pl pg)2 < jjw� � wt jj2 = jjwt jj2 �
t

å
p= 1

l pl p(2t + 4R2)

(
t

å
p= 1

l pl p) �
å t

p= 1 l pl p(2t + 4R2)

å t
p= 1 l pl pg2 =

2t + 4R2

g2 (14)
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Let l min = minr l r . With (14),wehave

t �
å t

p= 1 l pl p

l 2
min

�
2t + 4R2

l 2
ming2

(15)

Thereforeclaim a of Theorem1 holds.Now we show claim b. With (12)
and(14)wehave,

jjwt jj2 �
t

å
p= 1

l pl p(2t + 4R2) �
2t + 4R2

g2 (2t + 4R2)

= (
2t + 4R2

g
)2; so

jjwt jj �
2t + 4R2

g
(16)

Thentheresultingmargin for xr givenby wt is boundedfrom below.

gt
r =

vrwt � ur

jjwt jj
�

l r t
jjwt jj

� l rg
t

2t + 4R2 (17)

Thereforeclaimb of Theorem1 holds.�

PROOF OF THEOREM 2

Proof: We show it by boundingjjwt jj2 from above and below. Suppose
f (xi; j ;yi; j )g is separableby w� with margin g, so

w� � xi; j � w� � xi;l > g; (18)

where1 � i � m;1 � j; l � k. Let us considereachupdatingwt = wt� 1 +
å susxi;s for some�x edi. Accordingto thealgorithm,wehave

1 �
1
2å

s
jusj �

k(k� 1)=2
2

<
k2

4
(19)

å
s

usxi;s = å
( j;l )2St

xi; j � xi;l ; (20)

whereSt = f ( j; l ) j 1 � j; l � k;wt � (xi; j � xi;l ) � t g, jSt j = 1
2 å s jusj for each

iteration.Here 1
2 å s jusj representsthe numberof mistakes madeby wt on

sentencei at thetth updating.Wede�ne et aset � 1
2 å s jusj.

We �rst boundjjwt jj2 from below. Wehave

w� � wt = w� � wt� 1 + å
s

usw� � xs
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= w� � wt� 1 + å
( j;l )2St� 1

w� (xi; j � xi;l )

� w� � wt� 1 + å
( j;l )2St� 1

g

= w� � wt� 1 + et� 1g

�
t� 1

å
p= 1

epg

jjwt jj2 = jjw� jj2jjwt jj2 � (w� � wt)2 � (
t� 1

å
p= 1

ep)2g2 (21)

Thenweboundjjwt jj2 from above.

jjwt jj2 = jjwt� 1jj2 + 2wt� 1å
s

usxi;s+ jj å
s

usxi;sjj2

= jjwt� 1jj2 + 2 å
( j;l )2St� 1

wt� 1 � (xi; j � xi;l ) + jj å
s

usxi;sjj2

� jjwt� 1jj2 + 2et� 1t + jj å
s

usxi;sjj2

� jjwt� 1jj2 + 2et� 1t + 4e2
t� 1R2

� 2
t� 1

å
p= 1

ept + 4
t� 1

å
p= 1

e2
pR2 (22)

Combining(21)and(22),wehave

(
t

å
p= 1

ep)2g2 � 2
t

å
p= 1

ept + 4
t

å
p= 1

e2
pR2 (23)

Therefore,thenumberof mistakesmadein the�rst t updatesis

t

å
p= 1

ep �
2å t

p= 1ept

å t
p= 1epg2 +

4å t
p= 1e2

pR2

å t
p= 1epg2

�
2t
g2 +

4(k2=4) å t
p= 1epR2

å t
p= 1epg2

=
k2R2 + 2t

g2 (24)

Since8p;1 � ep, thust � å t
p= 1ep. ThereforeAlgorithm 2 stopsafter t

updates,where

t �
t

å
p= 1

ep �
k2R2 + 2t

g2
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Thereforeclaima andb of Theorem2 hold.For claimc, weusethesame
techniqueasin theproofof Theorem1, andwehave

gt � g
t

2t + k2R2 �
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